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HsynaMTca reoflesHHecKHe na rHnepnosepxHOCTax, 6jih3khx k CTaHflapTHoii (n-l)-MepHOH c4)epe 
B n-MepHOM eBKjiHflOBOM npocTpancTBe. Cjie/iya IlyaHKape, mbi paccMaTpHBaeM aaflany b paMKax 
aHajiHTHHecKoii MexaHHKH h HcnojibsyeM TeopHM BOSMymeHHH c i],ejibio nojiyMHTb TonojiorHiecKyio 
KjiaccH4)HKau,Hio MHOJKecTBa Bcex reoflesHMCCKHx na noBepxHOCTH. J\na SToro mbi HcnojibsyeM jiy- 
l^eBoe npeo6pa30BaHHe, HSBecTHoe b HHTerpajibHoii reoMexpHH, h nojiynaeM CHCTeMy ocpeflHeHHbix 
ypaBHeHHii flBHaceHHa na nyaccoHOBoii ajire6pe yrjiOBoro MOMCHTa, KOTopaa OKaabiBaexca raMHjib- 
TOHOBOH. TaKHM o5pa30M, ocymecTBjiaeTca acHMHTOTHHecKaa peflyKn,Ha HCxoflHoii tc^ihoh CHCTeMbi 
H3 2n — 2 ypaBHeHHii fljia reoflesHHecKHx k ocpeflHeHHoii CHCTeMe 2n — 4 ypaBHeHHii na MHoroo5pa- 
3HH FpaccMana G(2,n). Cko6kh IlyaccoHa b HOBoii CHCTeMe onpeflejiaMTca ajire6poii JIh rpynnbi 
bJQ' SO{n). B Ba>KHbix cjiynaax flByMepHbix, a xaKJKe pa/],a TpexMepHbix rHHepnoBepxHOCTeii HOCTpo- 

^ ' ennaa peflyKn,HH HOSBOjiaeT BbiHOJiHHTb TOHOJiorHHecKyM KJiaccH4)HKan,Hio reoflesHHecKHx. 
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p ,. I. BBEAEHHE 

■ HsyneHiie reo;];e3iiiecKHx jihhhh na pHManoBbix MHoroo6pa3HHx bocxo;i,ht k KjiaccH^^ecKOH pa6oTe 5Iko6h, KOTopbiii 
Hameji tohhoc peineHHC fljiH reo/i,e3HHecKHx na 3jijiHncoH;],e MeTO/i,aMH anajiHTHHecKOH MCxannKH, ^ajiBHeiiniee 
npoflBHJKeHHe Gbijio ocymecTEjieno IlyaHKape c noMomtK) npHMeneHHH Tonojiorii^iecKHx MCTOflOB, (TCKymee co- 
CTOHHHe npoGjieMbi cm. b Q)- HsyneHHe reo/],e3HHecKHx ocTaBajioct cpe^H caMbix cjiojkhbix npo6jieM reoMCTpHH, 
npHBjieKajio 3HaHHTejiijHoe BHiiMaHHe h cjiyjKHjio npoBepKoii B03MO}KHOCTeH mhophx MeioflOB xax b MexanHKe, Tax h 

(y-j B TonojiorHH, [3]. 

<^ ■ n A. 

, rs He/i,aBHee speMH 3aflaHH o reofle3HHecKHx nojiyHHjiH pa3BHTHe b cbh3h c HCCJieflOBaHHHMH H30Mop(pH3MOB flHna- 

' MHHCCKHx CHCTeM. TaK, B.B. Ko3JiOBi>iM B Q ycTaHOBjiena CBa3b sa^anH o reo^esHHecKHx na flsyMepHOM ajijinncon^e 
' CO cjiynacM Kjie6ina pjia ypaBHCHHii KHpxro4)a /iBHJKCHHa TBep^oro TCjia b H/i,eajibHoit jkh^kocth. AHajiorHHHbiii 

pe3yjii>TaT fljia TpexMepnoro ajijinncoHjga nojiyneH A.B. BopncoBbiM h H.C. MaMacBBiM b [lOj, a n-Mepnoro 

sjijiHncoHfla - A.M. HepejiOMOBbiM b jl2| . 

• • . B pa6oTe [J IlyaHKape npefljiojKHji hobbih noflxo/i,, coBMcmaiomHii o6Ln,eH3BecTHi>iH mctoa ocpeflHCHHa, npHMC- 
HHCMbiH B anajiHTHHecKOH MexaHHKC CO BpcMCH Faycca, c TonojiorHHecKoii TeopHeii fliinaMH^ecKHx chctcm. Mcto;; 
IlyaHKape ocnoBbiBaeTca na Ha6jiK)/],eHHH, hto ccjih MHoroo6pa3He 6jih3ko k MHoroo6pa3Hio M.^ ^ ^jia KOToporo 
%^ ' npo6jieMa reo/],e3HHecKHx flonycKacT TO^^Hoe pemeHHe, to H3yHeHHe reo/i,e3HHecKHx na mo^kct Sbitb ocymecTB- 
5^ ' jiCHO npH noMoniH MCTOflOB TCopHH B03MymeHHii KjiaccHHecKofl: MexaHHKH. B cjiynae, Korfla M.^ - CTaHflapTHaa 
(n-l)-MepHaH c(J)epa 

x\ + x\ + ... + = 1, 

MO>KeT 6ijIti> HpHMenen mbto^ ocpeflHenHH h nojiyHena cncTCMa ypaBHeHHii, MeHbHiaa, hbm Hcxoflnaa, h flaiomaH Ka- 
HCCTBCHHoe, HjiH TOHOjiorHHecKoe, OHHcaHHe reo^e3HHecKHx Ha . /I,aHHaa Hpou,eflypa MOJKeT Gbitb Ha3BaHa acuMn- 
momuuecKou pedyKV,ueu HCxoflHOii CHCTeMbi ypaBHCHHii. 

npo6jieMa peflyKD;HH H3yHajiaci> b He6ecH0ii MexanHKe rjiaBHbiM o6pa30M b CBa3H c 3a/i,aHeit Tpex Teji, B 20-m 

BCKe HHTCpeC K HCH CHOBa B03pOC B CBH3H C KHpajIbHOH TeOpHCH HOJIH. Ba>KHO, HTO KHpajIbHaS MOflejIb o6bIHHO OCHO- 

Bana na rpynne JIh chmmctphh (y, KOTopaa cocTaBjiacT CTpyKTypnyro ocHOsy ee ypaBHCHHii £. 3to o6cTOHTejibCTBO 
6bijio HCHOjibsOBaHO IIojiMaiiepoM, KOTopbiii yKasaji mctoa HOCTpoenHH MCHbrneii CHCTeMbi TZ ypaBHeHHii, cjicflyiOHTHx 

H3 f H OHHCblBaromHX flBHJKCHHC flHHaMHHCCKHX HCpeMeHHblX, HBJiaromHXCH HHBapHaHTaMH rpyHHbl CHMMCTpHH 5, [6j. 

IlojiMaiiep BbiHOjiHHji pcflyKD;Hro KHpajibHofi mo/icjih ii-hojih, b KOTopoii nojiCBaa HcpeMCHHaa HpHHHMacT 3HaHeHHH 
Ha /],ByMcpHoii cejjcpe, k ypaBHCHHro CHHyc-Fop/iOH. TaKHM o6pa30M, mcto;], IIojiMaiiepa Tpe6yeT 6oraToit chmmctphh 
3aflaHH. B 3TOM OTHoniCHHH HiHpoKoe Hojic fljiH HpHMCHCHHH pe;i,yKH,HH IIojiMaiicpa Hpc/],CTaBjiHK)T ypaBHCHHH Jler- 
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reTTa cnHHOBOii flHHaMHKH b CBepxTeKy^eM ^He, HMeroiuHe rpynny chmmctphh 5*0(3) x SU{2) x U{1) (no/i,po6HOCTH 
CM. B 0). Pe^yKD,HH ypaBHeHHH JlerrcTTa oco6eHHO HHTepecna tcm, hto ona npojiHBacT cbbt na pojit, HrpaeMyio 
raMHjiBTOHOBOH CTpyKTypoH. OaKTHHCCKH nojiMaiiep noKasaji, hto peflyKi^HH TecHO CBHsana c ajire6poH IlyaccoHa 
saflaHH. OflHaKO nacTO HBHaa: 4)opMa stoh cbssh HeoHeBHflna. J^na ypaBHCHHii JlerrcTTa pepyvmnsi CBOflHTca k HaxojK- 
flCHHio noflajire6pbi nyaccoHOBOii ajire6pbi, o6pa30BaHHOfl: CKoSKaMH HyaccoHa hcxo^hbix flHHaMHHCCKHx nepeMenHbix 
- cnHHa H napaMCTpa nopaflKa (cm. [8]). B stoh cbhsh iiflCH HyaHKape KacaTCjibHO TCopHii BOSMymennH h ee pojin 
B npo6jiCMe peflyKLi,HH OKasBiBaroTCH BCCBMa njioflOTBopHbiMH. HyaHKape paccMaipHBaji /iByMepnyio noBcpxHOCTb, 
nojiy^CHHyK) h3 CTaHflapTHOii flByMepnoii c4)epbi Majioii fle4)opMaii,HeH, h Hameji ycjiOBHs, npH KOToptix cymecTByiOT 
saMKHymue zeodeaunecKue. B HacTOHmefi paGoTC, cjiepys HflCHM Q h mbi Hsy^aeM reoflCSHHecKHe na ;i,e4)op- 
MHpoBaHHbix cejjepax, T.e. noBcpxHOCTHx, Majio OTjiHHaiOLn,HxcH ot CTaHflapTHoii c4)epbi, nojiynacM pcflyi^HpoBanHbie 
ypaBHCHHa h bbiboahm TonojiorHHecKHC cjie^CTBHii o CTpyKType ecezo MHOJKecTBa reoflCSHHecKHx, hc oGaaaTejiBHO 
aaMKHymux. 



II. yPABHEHHa JIAFPAHXCA nEPBOFO PO^A JI,J151 rEO/];E3HHECKHX 



Mbi paccMaTpHBacM (n — l)-MepHbie rHnepnoBcpxHOCTH b n-McpnoM cbrjihaobom npocTpancTBC, 6jiH3KHe k CTan- 
flapTHOH ccjjepe h aaflaBacMbie ypaBHCHHCM BH^a: 

ip = xl+xl + ... + x'^-l + e ^p{xi,X2, . . . , Xn) = (1) 

rflc e - MajiHH napaMCip h ipi^i: ^2, ■ ■ ■ , Xn) - (JjyHKi^nH KOopflHHaT xi, X2, • ■ • , Xn- npo6jieMa paspemeHHH flaHHOii 
CBasH, BOo6me roBopa, BCCbMa cjiojKna, h naxojK/^eHHe napaMCTpHsai^HH stovl rHnepnoBepxHOCTii b o6meM cjiynae 
npeflCTaBjiHCT 6ojii>inHe Tpy/i,HOCTH. Bojiee pesyjibTaTHBHbiii nop^xop, onnpaeTCH na to, hto sa^ana SKBHBajiCHTHa 
CBoGoflHOMy flBHJKeHHK) HacTHn,bi, na KOTopoe HajiojKena npHBe;i,eHHaH Bbime CBast, [11 . UosTOMy mh mo^kcm sanncaTb 
ypaBHCHHa rco/iesHHCCKHx b (JjopMC ypaBHCHHii JlarpaHHca nepBoro pop^a: 



Mhojkhtcjib JIarpaHJKa A aa^acTCH (JjopMyjioft: 



dx ) \ dx , 



(3) 



IIpH e = TpaCKTOpHH CHCTCMbI ^ - rCOflCSHHCCKHC Ha CcJjCpC, T.C. 6ojIbmHC KpyrH. nOSTOMy Mbl MOJKCM OHHCaTB 
rCOflCSHHCCKHC Ha THHCpHOBCpXHOCTH, T.C. ^CcjDOpMHpOBaHHOH CcJjCpC, C HOMOmblO TCOpHH BOSMymCHHH. fljIS STOrO 
Mbl npHMCHHCM KJiaCCHHCCKHft MCTOfl OCpCflHCHHS, ^] . 



III. ACHMnTOTHHECKOE OnHCAHHE PEOAESHMECKHX HA AEOOPMHPOBAHHblX 

COEPAX 



HaniH paccyjKflCHHH ocHOBanbi na cjicflyiomcM Ha6jHOflCHHH. PaccMOTpHM flC(|)opMHpoBaHHyK) c4)cpy 2?, onpcflc- 
jiHCMyio ypBancHHCM ([T]), h CTanflapTHyio cej^cpy S. cooTBCTCTByioni,yio cjiynaio e = 0. HocKOjibKy e <^ 1, to reoflc- 
SH^^ccKaa Q YL'A V mo^kct paccMaipHBaTbca xax cnnpajib, bhtkh KOTopoii 6jih3kh k noflxoflHm,HM 6ojibmHM KpyraM 

S. TaKHM 06pa30M, mm MOJKCM OHHCaTb TOHOJIOrHK) Q C HOMOHI,bIO flBHJKCHHa COOTBeTCTByiOn],HX GojibniHx KpyroB S. 
Mbl M0>KCM HCpCBCCTH 3T0 COo6pajKCHHC B KOJIH^CCTBCHHyiO (JjOpMy CJICflyiOniHM o6pa30M. C TOHOJIOrHHCCKOii TOHKH 

spcHHH KOH4)Hrypan;HOHHOC npocTpancTBO T) HCxoflHoii chctcmbi - 3to c4)cpa. YpaBHCHHa rcoflC3HHCCKHx onpcflCjiHiOT 
flHHaMHHCCKyio CHCTCMy Ha 2?. HocKOjibKy e Majio, to cym,ecTByeT Majibiii ncpnofl bpcmchh t, b tchchhc KOToporo toh- 
Ka Hpo6cracT OTpcsoK cboch TpacKTopnn, cooTBCTCTByion^HH o^HOMy BHTKy rcoflcaHHCCKOft cnnpajin. TaKHM o6pa30M, 

KOH4)OpMan;HH rCOflC3HHCCKOH CHHpajIH MOJKBT 6bITb OHHCaHa nOCpCflCTBOM OHHCaHHH 3BOJIIOn,HH 60JIbniHX KpyroB Ha 
tS, COOTBCTCTByiOmHX BHTKaM CHHpajIH. Ho 6ojIbniHC KpyPH S - 3T0 CCHCHHH S flByMCpHblMH HJIOCKOCTHMH, HpOXO- 
flHniHMH HCpC3 n;CHTp S. HoSTOMy TpaCKTOpHH, COOTBCTCTByromaa rCO^e3HHCCKOH Ha S. HOpOJKflaCT TpaCKTOpHK) Ha 
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MHoroo6pa3HH Bcex /],ByMepHbix njiocKOCTefi b n-MepnoM cbrjih^obom npocTpancTBe. 3to MHoroo6pa3He, nasbiBaeMoe 
MHoroo6pa3HeM FpaccMaHa G(2,n), nsBecTHO b reoMCTpHH c cepeflHHbi XIX BeKa. OaKTHnecKH nam noflxo^ cjieflyeT 
HfleHM O. KjieiiHa h K). IIjiiOKKepa, (l8| . [Toj . KOToptie npe/iJiojKHjiH MeTO/i, KoncTpyHpoBanHH hobbix reoMeTpHnecKHx 
o6'beKTOB H3 noflMHoroo6pa3HH ;i;aHHoro MHoroo6pa3Ha:. C TonojiorHiecKoit tohkh 3peHHH, mbi paccMaipHBaeM nepe- 
xo;; OT CHCTCMbi, onpeflejieHHOii na TonojiorniiecKofl (n — l)-MepHOH ccjaepe k CHCTeMe na MHorooGpasHH FpaccMaHa 
G(2,n). Ilepexo;!, iijijiiocTpHpyeTca cjieflyiomeii flHarpaiviMoii: 

reo/i,e3HHecKHe na /i,e4)opMHpoBaHHOH c4)epe flHnaMHHCCKaH CHCTCMa H na MHoroo6pa3HH FpaccMaHa 



JX-jisi ocymecTBjiCHHH HSjiojKeHHoit cxcMbi Heo6xoflHMO KOJiHHecTBCHHO onHcaTb /;BHJKeHHe TCKymero 6ojibmoro Kpy- 
ra, npHGjiHJKaiomero flanHbiii bhtok reofle3HHecKOH cnnpajiH. HpajK/ie Bcero, TpeGycTca BbiGpaTb cnoco6 saflanHH 
nojioJKCHHH SToro Kpyra HHCJiaMH - ero KOop^HnaTaMH. 3to osHanaeT BBe/i,eHHe KOopflHHaT na MHoroo6pa3HH Fpac- 
CMana. Upn stom cymecTBCHHO, hto nojiojKeHHC TCKymero 6ojibinoro Kpyra onpe/],ejiHeTca: cocToaHHCM nacTHi^bi, T.e. 
ee paflHyc-BCKTopoM x n CKopocTbio x, a hmchho TCKymHii 6ojibmoH Kpyr - sto ce^CHHe ccjiepbi ;i,ByMepHoii njiocKO- 
CTbKD, npoxo;i^meH nepes Li,eHTp cej^epbi h coflepxcameii sth ^Ba BCKTopa. PaccMOTpHM b KanecTBC KOop^HHaT STOii 
njiocKOCTH (a 3HaHHT H 6ojibinoro Kpyra) cjicflyromHii Ha6op hhccji: 

^ij — Xi Xj Xj Xi^ J — 1 . . . 71. (4) 

3to KOMnoHCHTbi MaTpHD;bi n-McpHoro yrjiOBoro MOMCHTa, sBjiHromeroca o6o6ni,eHHeM yrjiOBoro MOMCHTa b Tpex- 
McpHOM eBKjiH/],OBOM npocTpaHCTBC. YLocjieffHim Hain;e 3anHCbiBaK)T b BH;i,e BCKTopa L, CBH3aHHoro c MaTpHE,eH ^ 
cooTHOineHHeM Li = Sijk^jk- Ohcbhaho, Iji — —Uj, T.e. Z^- o6pa3yKiT KOCocHMMeTpH^recKyK) MaTpHn,y. BajKHbiii (JjaKT 
cocTOHT B TOM, HTO BBe;i,eHHbie BejiH^THKbi Q coBnaflaKJT c TaK Ha3biBaeMbiMH uAWKKepoeuMu KoopduHamaMu flaHHOii 
flByMcpHoii njiocKOCTH. OaKTHHCCKH, no 4)opMyjiaM ^ mm BbiHHCjiaeM sth KOopflHHaTbi fljiH TCKymero 6ojibinoro 
Kpyra Hcxofla h3 sjicmchtob TpacKTopHH ^racTHr^bi. B cjiynac, Kor^a KOopflHnaTbi nocTOHHHbi lij — const, Sojibmoii 
Kpyr noKOHTca, h TpacKTopua Bce BpcMH ocTacTca b6jih3h oflHoft h toh jkc hjiockocth. 0Ka3biBacTCH, hto hc bcc 

BCJIHirHHbl lij, i < j He3aBHCHMbI. MOJKHO nOKa3aTb, [l9l |. HTO OHH yflOBJICTBOpHMT CJICflyiOniHM coomHomeHusiM 

UAKiKKepa: 

Ij[kjk2k3] = -^{hkih^k-i - Ijk2hik3 + ^jfea^feifca) = 0. (5) 
KpOMC TOrO, KOOp^HHaTbl ^ OflHOpOflHbl, T.e. yMHOJKCHHC BCeX KOOpflHHaT Ha OflHO HHCJIO npHBO/;HT K TOii JKC 

njiocKOCTH. HosTOMy MOJKHO orpaHHiHTbca MaTpHii,aMH c eflHHHHHOft cyMMOii KBa^paTOB sjicmchtob: 

0T0}K;i,ecTBjiHa nocjie SToro MaTpHLi;bi lij h —hj. nojiynacM MHoroo6pa3He FpaccMana G(2,n) pa3MepHOCTH 2n — 4, 
HocKOjibKy flccjjopMHpoBaHHaH c4)epa 6jiH3Ka k CTanflapTHOit, to hjiockoctb, onpcflcjiaromaa TCKymHii 6ojibniOH 

Kpyr, flBHJKCTCH MCflJICHHO, H CC KOOpflHHaTbl T.C. KOMHOHCHTbl yrjIOBOrO MOMCHTa TraCTHLi;bI, HBJiaroTCa MCflJICH- 

HblMH nCpCMCHHblMH 3aflaHH B TOM CMblCJIC, HTO npH o6xOflC OflHOrO BHTKa TpaCKTOpHH HX H3MCHeHHC Majio. ^ajicc 
Mbl OHHCblBaCM 3Ty MC^JICHHyK) flHHaMHKy, HCnOJIb3ya MCTOfl OCpC/lHCHHH. 



IV. ypABHEHHii jiJia yrjioBoro momehta 



Hcnojibsya ypaBHCHHH JlarpanjKa nepBoro pop^a nojiynacM cjieflyK)in,He ypaBHCHHH fljia komhohcht yrjiOBOro 
MOMCHTa: 

k^^sx[x..^-x,^^m, (7) 

Tflfi ip^x) - 43yHKLi;HH, OHpc/i,ejiHioiLi,aH flc4)opMan,Hio ccjjcpbi, ([!]). FEpH e = hmccm lij — 0, ^to cooTBCTCTsycT cjiynaro 
CTaHflapTHOii c4)cpbi, Kor^a 6ojibm:oH Kpyr hokohtcs. 
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SaMeTHM, ^TO npaeaH nacTb ypaBHenHH ([7]) nojiy^aeTca h3 4)yHKLi;HH ;];e4)opMan,HH cej^epbi ipi^) c noMombro npn- 
MeneHHa cjieflyiomero onepaTopa: 

^aHHbiii onepaTop HSBecTCH xax KOMnoHCHTa onepaiopa yrjiOBoro MOMenTa b KBaHTOBOfl: MexaHHKe. BasKHbiM ero 
CBOiicTBOM, HcnojibsyeMbiM b flajibHeiinieM, HBjiaeTCH cjie^yiomee npeflCTasjieHHe b BH^e onepaiopa GecKOHe^iHO Ma- 
jioro noBopoTa. PaccMOipHM BpamenHC b hjiockocth XiXj na yroji (p. Oho ;i,eHCTByeT na BCKTopbi KaK yMHOJKeHiie na 
H3BecTHyio opToroHajibHyK) MaTpHn,y noBopoTa Rij((j)). /],eHCTBHe SToro BpameHHH na 4)yHKLi;HH f{x) onpe/iejiaeTca 
KaK: 

Tor^a onepaTop - renepaTop SToro BpameHHH (^pyimisfiw. 



6=0 



B ypaBHCHHax fljiH MOMCHTa ([T]) Mbi y;i,epjKHBaeM tojibko ^^jieHbi 1-ro nopHflKa no e, T.e. paccMaTpHBaeM l-it nopaflOK 
TeopHH BOSMymeHiiii. KpoMe Toro, fljia KpaTKOCTH flajiee mm npe/i,nojiaraeM eflHHHi];bi iiSMepenHH Bbi6paHHbiMH laKHM 
o6pa30M, HTO rjiaBHaa: nacTb mhoskhtcjih JlarpajKna ([3]) Ao = — 1 (cooTBeiCTByeT eflHHHHHOii CKopocTH x^ = 1, T.e. 
HaTypajibHOH napaMeipHsai^HH reoflesHnecKOii) . C yneTOM SToro ypaBHCHHa pjisi yrjiOBoro MOMenTa ([7]) , c ncnojibso- 
BaHHCM BBeflCHHoro o6o3HaHeHHH onepaTopa ([8]), sanncbiBaroTca b BH;i,e: 

kj = -erriij ip{x), (9) 
HiaK, Mbi nojiyHHjiH ypaBHenHH OHHCbiBaK)n;He flHnaMHKy komhohcht yrjiOBOro MOMCHTa (j4|) HacTHn;bi npn ee 

flBHJKeHHH HO reOfleSHHCCKOH . 



V. OCPEAHEHHE yPABHEHHH fl,JISl MOMEHTA 



IIocKOjibKy HpaBbie nacTH ypaBHenHii @ pjia KOMHonenT yrjiOBoro MOMeHia hj HpoHopn;HOHajibHbi MajiOMy napa- 
MBTpy e, TO ;i,BHJKeHHe 6ojibmoro Kpyra HBjiaeTCH MefljiennbiM ho cpaBnenHK) c flpnyKeBMeM HacTHH,bi Bflojib BHTKa 
reoflesHHecKoii. Hhbimh cjiOBaMH, lij - Me;i,jieHHbie nepeMenHbie. ^jih HeBOSMymennoro cjiyiaH CTan^apTHOH cej^e- 
pbi OHH HBjiaroTca HHierpajiaMH flBHJKenHa. HosTOMy mbi mojkcm npHMCHHTb KjiaccHHecKHii mctoa ocpe;i,HeHHH, [2i|. 
IIpaBbie nacTH ypaBHCHHii ^ coflepjKaT Mefljienno MenaromHecH KOMnoneHTbi, aaBHcamne ot nojiojKCHHH TeKymero 
6ojibmoro Kpyra, npH6jiHJKaK)iLi;ero fiamibia bhtok reo^esHHecKoii, h 6biCTpbie ocii,HjijiHpyioiii,He Hjienbi, aaBHcamne 
OT nojiojKeHHs HacTHi];bi na BHTKe. IIpHHi^Hn oceflHeHHH yTBep>K/];aeT, hto KpynHOMacinTa6Hbie HSMeHennH peineHHs 
saBHCHT TOjiBKO OT MefljieHHbix KOMHOHeHT, a GbiCTpo ocii,HjijiHpyiOLLi,He cjiaraeMbie wpuBop^sn k MajitiM KOJieGanHJiM 
peineHHs okojio KpHBOii, onpeflejiaeMoii mep/iemiovL nacTbio. TaKHM o6pa30M, j^na onpe/i,ejieHHa: TonojiorHH reo/i,e3H- 
necKHx Mbi MOJKeM paccMOTpeTb ypaBHCHiiH fljiH MOMCHTa ^ 6e3 ocLi,HjijiHpyioiii;eH nacTH. ^jih stofo Heo6xoflHMO 
ocpeflHHTb Hx no nepHOfly toihoto pemeHHs HeBOSMymeHHOii CHCTCMbi - paBHOMepnoro flBajKenna no 6ojibmoMy 
Kpyry: 

Xi{t) = cost ei(l) + s'mt 62(1), (10) 

rpfi I - 3TO flaHHaa (nocTOSHHaa) MaTpHn,a yrjiOBoro MOMenTa, ei(Z), 62(1) - BCKTopbi, o6pa3yioiLi;He opTOHopMnpoBan- 
Hbiii 6a3HC B flByMepHoii hjiockocth, b KOTopoii npoHCxoflHT ^BHJKenHe c flannbiM yrjiOBbiM momchtom (KOHKpeTHbiii 
Bbi6op BeKTopoB ei{l),e2{l) ne bjihsbt na pe3yjibTaT ocpeflHCHHa). 

OopMyjia (jlOp onpeflejiaeT paBHOMepnoe flBHJKeHne no 6ojibinoMy Kpyry, annpoKCHMHpyromeMy TCKymHii bhtok 
reoflesHHecKoii cnnpajiH. Cpe^nee SHaneHHe 4)yHKLi,HH f{x) no nepno^y SToro pemennH BbipascaeTCH 4)opMyjiOH: 



J 



(11) 
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PeayjibTRT ocpeflHeHHH srbhcht tojibko ot MRTpHi^bi yrjiOBoro MOMeHTa I. Tern caMbiM, ocpe/iHeHHe ypaBHennH 1^ 
flacT saMKHyTyio CHCTCMy ypaeHeHHii fljiH KOMnoHCHT yrjiOBOro MOMCHTa lij: 

iij = -£ {m^jipix))^^ , (12) 

rfle - 4)yHKii,HH, onpeflejiHiomaH fle(J)opMaii,Hio cejjepbi, ([T]), rriij - onepaTop, onpeflejieHHbifi b ([8]), iiSBecTHbiii, 
KaK onepaTop yrjiOBoro MOMCHTa b KBaHTOBOii MexanHxe. HanoMHHM, hto BejiiiHHHbi lij hbjihiotch njiroKKepoBbiMH ko- 
opflHHaTaMH flByMcpHOH njiocKOCTH 6ojii>inoro Kpyra, annpoKCHMHpyiomero TCKymHii bhtok reo^eaHHecKoii cnnpajiH. 
IIosTOMy (JsaKTHHecKH CHCTCMa (|12p saflana na MHoroo6pa3HH FpaccMaHa G(2, n). 



VI. CBaSb C HHTErPAJIbHOit TEOMETPHEH 



BajKHoe Ha6jiK)/i,eHHe coctoht b tom, hto HcnojibsOBaHHaa npoiiggypa ocpeflHCHHs pip hmcct cbssb c npeo6pa30- 
BaHHHMH, paccMaTpHBaeMbiMH B uHuiegpaAtiHou seoMempuu, [19], [20]. HivieHHO, oho SKBHBajieHTHO Tax nasbiBaeMOMy 
AyueeoMy npeoSpaaoeanuw J, conocTaBjiHKimeMy 4)yHKLi,HH f{x) na CTanflapTHOii cejjepe ee HHTerpajibi no BceBOSMOJK- 
HbiM GojibniHM KpyraM. <PyHKD;HH-o6pa3 Jf jiyneBoro npeo6pa30BaHHH onpe^^ejiena na MHOJKecTBe SojibniHx KpyroB, 
HjiH, SKBHBajieHTHO, Ha MHOJKecTBC coflep>KaHi,Hx Hx flByMcpHbix njiocKOCTeii, npoxoflHmHx ^epes n,eHTp ccjaepbi, T.e. 
na MHorooGpasHH FpaccMaHa G(2,n). HiaK, jiyneBoe npeo6pa30BaHHe aaflaexcH (JjopMyjioii: 

{Jim - / / (cosi ei(p) + sint 62 (p)) dt. (13) 
Jo 

3flecb p - MaTpHn,a njiiOKKcpoBbix KOop/innaT flByMepnoii hjiockocth; ei [p) , 6*2 (p) ^ opTOHopMnpoBanHbiii 6a3HC b stoh 
njiocKOCTH. Phc. [T]HjijiiocTpHpyeT cjiy^ait n = 3, T.e. cjiy^alt jByMepHoft c4)epbi, b KOTopoM jiyncBoe npeo6pa30BaHHe 
HOCHT Ha3BaHHe npeo6pa30BaHHH OyHKa-MHHKOBCKoro, cm. [19|. 

H3 cpaBHCHHa 4)opMyji l\V6\ h (jlOp . (jlip mh bh^hm, hto ocpe^HeHHe (jlip BbipajKaeTCH Hepe3 jiyneBoe npeo6pa30- 
BaHHC no (JjopMyjie: 

u{s))s,it)^^{jm)- 



TaKHM o6pa30M, ocpeflnennaH cncTeMa ^ fljia yrjiOBoro MOMcnia MOJKeT 6biTb 3anHcana b Bn^e: 

4j = (Jom,j- V) (0, (14) 

3/i,ecb ^'(2;) - 4)yHKn,Ha:, onpeflejiarom,aa fle4)opMan,Hio cejjepbi, ([T]); rriij - onepaTop, onpeflejiennbin b ([5]), H3BecTHbiH, 
KaK onepaTop yrjiOBoro MOMenia b KBanTOBOit MexannKe; J - jiyneBoe npeo6pa30BaHHe, onpeflejiennoe b (1131) . 

nojiynennbie ypaBHCHHH (1141) onncbiBaroT ocpe/^nennyio flnnaMHKy yrjiOBOro MOMCHTa HacTHn,bi, /;BHJKym,eHCH no 
reofle3HHecKOH. Ilpn stom KOMnoncHTbi MOMenia lij hbjihk)tch njiroKKepoBbiMH KOopflnnaTaMH flByMepnoii njiocKOCTH 
TeKymero 6ojibnioro Kpyra, n, cooTBeTCTBenno, cncTCMa (|14p sa^ana na MHorooGpasnn FpaccMana G(2,n). Tcm 
caMbiM, ocyn],ecTBjieHa acHMnTOTHHecKaa peflyKu;HH ncxoflnoii cncTCMbi pji^i reofle3HHecKHx c 4)a30BOH pasMepnocTbro 
2n — 2 K ocpeflHennoii CHCTeMe 2n — 4 ypaBnennii fljia MOMenia. BajKHbin 4)aKT coctoht b tom, hto flannaH cncTCMa 
HMCCT raMHjibTOHOBy CTpyKTypy, KOTopaa o6cy>KflaeTca b cjie/^yromcM pa3flejie. 



VII. rAMHJIbTOHOBA CTPyKTYPA PEflyi^HPOBAHHOH CHCTEMbI fljia yPJIOBOrO 

MOMEHTA 



raMHjTbTOHOBa (|)opMyjiHpoBKa ocpeflHCHHbix ypaBHCHHH fljiH yrjiOBoro MOMcnTa (|14p TpeSycT aa^annH cko6ok Ilyac- 
coHa MCJKfly flnnaMH^iecKHMH ncpcMennbiMH lij n yKa3aHHH raMnjibTonnana. 

Cko6kh Hyaccona jijia yrjiOBoro MOMcnTa onpcflCjiaiOTCH ajire6poH Jin so{n) h hmcmt bh^: 
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Phc. 1: npeo6pa30BaHHe OyHKa-MHHKOBCKoro 4)yHKn,HH g{x) na eflHHH'^iHOH ccjaepe, BSHToe b tohkb L, - 3to HHTerpajr ot g no 
SojibinOMy Kpyry, nepneHflHKyjiapHOMy k L. 



Hhjkc Mbi noKasBiBaeM, hto raMHjibTOHHaHOM chctcmijI (|14I) cjiyjKHT cjieflyiomaa (J)yHKLi,HH: 

H{I) = ^Jij, (16) 

KOTopaa nojiyiaeTCH npHMenenHeM jiyieBoro npeo6pa30BaHHa J, (|13p . k cjDyHKiiHH ')jj{x), onpeflejiammeii fle4)opMaLi,Hio 
c4)epbi. 

^OKaaaTejibCTBa yTBepjKfleHHH o raMHjiBTOHOBOii CTpyKiype HaM noTpeGycTca cjieflyiomee cbohctbo cko6ok 
riyaccoHa p^ . 

BHfl CK060K (|15p coBnaflaeT c KOMMyTaTopoM b ajire6pe JTh so{n) 6a3HCHi>ix KOCocHMMCTpHHecKHx MaTpHii, Eij, 
onpe/],ejiHeMBix (JjopMyjiofi {Eij)ab — —5ia5ji, + Sib5ja. HMeHHO, hx KOMyiaTop HMeei bh;;: 

{-^ij ^ ^pq\ ^ip-^jq ^~ ^jp-^qi ^iq-^pj ^ ^jq-^ip- (-^'^) 

Oh MOJKeT 6biTb Bbipascen ^epes CTpyKTypnbie KOHCTaHTbi Cij^pq^ab ajire6pi>i JIh so{n): 

{-^ij 7 -^pq] — Cij^pq^ab-^ab^ 

KOTOpbie HMeiOT BH/I,: 

Cij,pq,ab — 2 i^ip {^aj^bq — ^agSbj) + Sjp {SaqSbi — SaiSbq) + Siq {SapSbj — SajSbp) + 6jq {SaiSbp — SapSbi)) ■ 
JlerKO npOBepHTb, HTO CTpyXTypHbie KOHCTaHTbl yflOBJieTBOpaiOT COOTHOinCHHIO Cab,pq,ij = —Cij^pq^abi KOTopoe 6yfleT 

Hcnojib30BaHO B flajiBHeiinieM. 

KpoMe Toro, HaM noTpe6yeTca: c^eflyiomee ochobhoc KOMMymav,uoHHoe cooniHomeHue Bah Ayueeozo npeo6pa3oea- 
huh: 

J o rriij — Cij o J, (18) 

Tfl^e J - jiyHCBoe npeo6pa30BaHHe, onpe;i;ejieHHoe b (|13|) . m.y - onepaTop, onpe/;ejiCHHbiH b (jSj, Cij - onepaTop, 
;],eHCTByK)Hi,HH Ha {J)yHKn,HK) OT yrjiOBoro MOMCHTa f(l) KaK bssthc ee cko6kh IlyaccoHa c lij: 

c.,fil) = {fil),h,}. 
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JXjir BMBOfla cooTHonieHHs (|18p iicnojitayeM cjieflyiomee cbohctbo, onpeflejiaiomee fievLCiBvie BpameHHH na o6pa3 
jiyneBoro npeoGpasoBaHna. HoflCTaBjiaH b onpe^ejieHHe jiy^eBoro npeo6pa30BaHHH (jl3p BMecTO /(x) 4)yHKii,HK), no- 
jiyneHHyK) h3 nee BpamenHCM / (^R~^^ {(l>)x) ^ nojiynaeM: 

(J / ) ) (/) = ^ / (^y ' (<^) (cos t ei (/) + sin t (/)) ) di. (19) 

EcjiH C - SojiBinoii Kpyr c njimKKepoBbiMPi KOopfliinaTaMH /, to npaBaa nacTb (|19p - sto HHTerpaji 4)yHKLi;HH /(a^) 
no noBcpnyTOMy Kpyry C", nojiyneHHOMy ns C npHMenenneM Bpam,eHHH R^j^{(f)). IIo^ ^eficTBHeM SToro Bpam,enHH 
MaTpHn,a njimKKepoBbix KOopflnnaT conparacTca c noMonibio MaTpHn;iji Bpanienna Rij{(f)). ^encTBHTejiBHO, npHMoe 
BbiHHCJienHe KOop/^nnaT Kpyra C ^aeT (fljiH KpaTKOCin Rij{(j)) o6o3naHCHO 3a R): 

i' = x'v'^ -v'x'^ = R^^x{R~^pf - R-^v(Rr^xf = R-\xp^ -px^)R = R-^ 1 R. 

HTaK, Mbi nojiyHHjiH, hto 3HaHeHHe jiyneBoro npeo6pa30BaHHH J ot noBepnyTofi 4)yHKn;HH Rij{(j))J na 6ojibniOM 
Kpyre c MaTpHu;eH KOopflnnaT / paBHO 3HaHeHHio npeo6pa30BaHHH ot hcxo^hoh (J)yHKn,HH / na Kpyre c conpajKenHoii 
MaTpHn,eH KOopflnnaT RYj^{(f>) I Rij{(p): 



npHMenaH npoH3BO;];nyK) no b tohkb = 0, nojiyiacM: 



((J O TO,,) /) ([) = _ A (( J o i?,,(0)) /) it) 



((J o R,,{4>)) f) (/) = (J/)(i?r.i(</>) fi?,,(0)). 

(J/) (i?-.i((/))fi?,,(0) 



6=0 



i=0 



6=0 



1 d{Jf) d 
2^ 



I -I -JjRrjW 



6=0 



6=0 y 



1 djJf) 

2 dlab 



I, Ei, 



^ /I OJ P9 [-^pg 7 '^jiab ~ A ''pq\^pq,ij,rs^rs Jab — . ''pq^pq,ij,rs\ ^raOsbt^^rbOsa) 

ab 4 a/a^j 4 a/afe 4 a/afc 



A n; '•Ply '~'Pg,V,a.b -r <~'pq,ij,ba) — „ ^, l'pq'^pq,tj,ab — „ j^, '^ab.,ij,pql'pq — „ ^, fab, 'ij / — 1 J J , 'ij / ■ 



PlTaK, Mbi nojiyHHjiH ocnoBHoe KOMMyTan,HOHHoe cooTHomenne (jl8p . Tenepi. mbi npHMcnaeM ero k npaBoii ^acTH 
ocpeflenenHbix ypaBHennii (jl4p fljiH MOMCHTa h nojiy^acM, ^ito ohh hmciot raMHjiBTOnoBy CTpyKTypy: 

h, = {hj,H[i)}, (20) 

r^e raMHjiBTOHHan ecTb jiy^CBoe npeo6pa30BaHHe ot 4)yHKn,HH ;i,e4)opMan,HH: 

H{i) - ^J^. (21) 



VIII. OrPAHHHEHHE CHCTEMbI HA MHOrOOBPASHE TPACCMAHA G(2, n) KAK HA 

nyACCOHOBO nOAMHOrOOBPASHE so{n) 



IIpocTpaHCTBO so(n) Bcex KOCocHMMeTpH^^ecKHx MaTpnn, HMeeT pa3MepH0CTb n(n — l)/2. CKoGxa Jln-IIyaccoHa 
(|15p npeBpam,aeT ero b nyacconoBO MHoroo6pa3He, na KOTopoM, BOo6m,e roBopH, n onpeflcjiena cncTeMa ()20p . ()2ip . 
O^naKO, KaK 6bijio 3aMeHeHO Bbiine, KOMnoHCHTbi yrjiOBoro MOMCHTa HacTHu;bi (onn jKe - njnoKKepoBbi KOopflnnaTbi 
^ByMepnoH njiocKOCTH Texymero Gojitinoro Kpyra) yflOBjiCTBopaiOT cooTHomennHM HjiiOKKepa ([5]) . HosTOMy HHTepe- 
cyK)ni,He nac TpaeKTopra cncTeMti (|20p ;i,ojijkhi>i nojinocTbro jie>KaTb na MHoroo6pa3HH, 3aflaBaeM0M sthmh cootho- 
nienHHMH - MHoroo6pa3HH FpaccMana 0(2,71) pa3MepHOCTH 2n — 4 (nanoMHHM, hto lij - oflHopoflHbie KOop/innaTbi, 

H flJIH 0/],H03HaHHOrO COOTBCTCTBHa C njIOCKOCTHMH HyjKHO OTO}K/],eCTBHTb MaTpHU,bI BHfla a I, a € M). 
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ITpHHafljiejKHOCTfc TpacKTopHH MHoroo6pa3Hio G{2,n) o6ecneHHBaeTca cjie/],yK)iii;HM o6mHM (JjaKTOM: 3to mhofo- 
oGpasHC HHBapHaHTHO OTHOCHTejibHO J11060H raMHjiBTOHOBOfi CHCTeMbi CO CKo6KaMH (jl5p . 3to cjieflyeT h3 tofo, hto 
G(2,n) - nyaccoHoeo nodMHozoo6pa3ue b so(n) co CKo6KaMH (|15p . nocjie;i,Hee osHanaeT, hto orpanHHenHe na 6(2, n) 
cko6kh IlyaccoHa flByx npoHSBOjiBHbix 4)yHKLi,Hfi na so{n) saBHCHT tojibko ot snaHenim sthx 4)yHKD;HH na G{2,n), 
3to, b cbok) OHepe;i,b, cjieflycT h3 cjie^yiomero CBOiicTBa: cko6kh HyaccoHa jieBbix nacTeii cooTHomeHHii IIjiiok- 
Kepa Ij[ki^k2k3]i 3a;i,aiomHx G{2,n), co bccmh nepeMCHHbiMH hj paBHbi jih6o nyjiio, jih6o iZpjgjZg^^g] flJis HCKOTopbix 
p, gi,(72,93- HocKOjibKy Ha MHoroo6pa3HH FpaccMana G{2,n) bcc sth nojiHHOMbi paBHBi nyjiio, to b CHjiy BBiinecKa- 
saHHoro OHH HMCiOT Ha G{2,n) nyjiCBtie ckoGkh HyaccoHa co bccmh hcpcmchhijImh lij. Tcm caMbiM, ohh hbjihiotch 

HHTCrpajiaMH flBHJKCHHH fljia Tex TpaCKTOpHH raMHJIBTOHOBblX CHCTCM, KOTOpbIC CTapTyiOT C G'(2,n), a 3HaHHT, 3TH 

TpacKTopHH ocTaiOTca Ha G(2,n) na bccm cbocm npoTHJKCHHH. 

HTaK, ocpcflHCHHaH CHCTCMa (j20p orpaHHHHBacTca na HHBapnaHTHoe nyaccoHOBO HOflMHoroo6pa3He G{2,n) pa3- 
McpHOCTH 2ri — 4 B npocTpancTBC nepeMCHHbix lij,i < j, HMCiOHi;eM pa3MepHOCTb n{n — l)/2. 

C TOHKH 3peHHH MaTpHH,!.! lij npHHaflJICJKHOCTB MHOrOo6pa3HIO G{2, u) SKBHBajICHTHa pa3JI0}KHM0CTH B BH/],e BHCHI- 

Hcro npoH3BCfleHHH flByx BCKTopoB, HjiH, HTO TO JKC, TOMy, ^^TO MaTpHn,a lij HMCCT paHF 2. B ajire6pe JIh so{n) sth 
MaTpHn,bi o6pa3yiOT op6HTy KonpHCoeflHHCHHoro Hpe^CTaBjiCHHH rpynnti SO{n), cm. (llj. 



IX. Tonojiorna peluehhh PE/;yLi;HPOBAHHOH chctembi jiJia kohkpethbix 

nOBEPXHOCTEH 



Ha STane HCCjicflOBanHH pacHOJioJKCHHH reofle3HHecKHx na kohkpcthbix hobcpxhocthx KjHOHCByio pojib HrpaiOT 
TOHOJiorHHCCKHe MCTOflbi. B T^acTHOCTH, fljia flByMcpHbix flceJjopMHpoBaHHbix c4)ep c HOMom,bio hoctpochhoh acHMn- 
TOTHHCCKOit pe/],yKH,HH y/],aeTca ocymecTBHTb nojiHbiii TonojiorHHCCKHii aHajiH3 MHOJKCCTBa reofle3HHecKHx. KpoMC 
Toro, fljiH TpexMcpHbix flceJjopMHpoBaHHbix c4)ep BpamcHHs pcflyi^HpoBaHHaa cncTCMa 0Ka3biBaeTca HHTerpHpycMoii 
CHCTeMoit c flByMa CTenenHMH CBo6o/i,bi h flonycKacT HCCJieflosaHHe MCTO^aMH TonojiorHHCCKoii KjiaccH4)HKaH,HH hhtc- 

rpHpyCMblX CHCTCM. PaCCMOTpHM nO;];po6Hee COOTBCTCTByiOmHe HpHMCpbl HOBCpXHOCTCii B KajKflOM H3 3THX KJiaCCOB. 



A. /^ByMepHMe fle<J)opMHpoBaHHi>ie ccjDepti 

PaccMOTpHM cjiyHaii n — 3, t.c. cjiyHaii flByMepHoit flccjaopMnpoBaHHOft ccjjcpbi b TpexMcpnoM esKjinflOBOM npo- 

CTpanCTBC, H B03bMeM fle4)OpMaD;HIO B BH^C CyMMbI HCTBCpTblX CTCnCHCH KOOpflHHaT C pa3JIHHHbIMH K034)4)Hn,HeHTaMH: 

ip{x) = xl+xl+xl~l+ei:{x) = 0, e<l, i:{x) ^ eixj + e2x^ + esxj. (22) 

yrjIOBOH MOMCHT B TpCXMCpHOM HpOCTpaHCTBC HMCCT TpH CymCCTBCHHblX KOMHOHCHTbi: /l2, '13,^23 • B 3T0M CJiyHaC 

yfloGno bbccth, Kax sto o6biHHO h flCJiaiOT, bmccto kocochmmctphhcckoh MaTpHH,bi lij TpcxMcpHbiii bcktop yrjiOBoro 
MOMCHTa L no (|)opMyjic: Li — Sijkljk, ^to b hbhom bh;i,c BbirjiHflHT KaK: 

L = {Li, L2,L^) ~ {I23, --I13, li2)- 
Cko6kh IlyaccoHa fljia komhohcht BCKTopa MOMCHTa hmciot bh^; 

3 

{Li,Lj} = ^Eyfeifc. (23) 

k=l 

Cko6kh (j23p HMCIOT oflHy 4)yHKD;Hio Ka3HMHpa - KBa^paT MOMCHTa ~ L\ -\- -\- L\. OnKcnpya cc 3HaHCHHC, 
nojiynacM, hto pcflyn;HpoBaHHyio CHCTCMy mojkho orpaHHHHTb na ccjjcpy L'^ ~ const. KpoMC Toro, HpoHopn;HOHajib- 

HblC BCKTOpbl MOMCHTa COOTBCTCTByiOT OflHOMy H TOMy JKC 6ojIbniOMy Kpyry, HOSTOMy MHO>KeCTBO 6ojibniHX Kpy- 
rOB (hJIH COflCpjKamHX HX flByMCpnblX HJIOCKOCTCH, HpOXO/I,HHI,HX HepC3 n;CHTp) COOTBCTCTByCT MHOJKCCTBy npHMbix B 

HpocTpancTBC yrjiOBOro MOMCHTa, HpoxoflaniHX n;cpc3 na^iajio KOopflnnaT, t.c. hpockthbhoh hjiockocth MP^. HiaK, 
pcflyH,HpoBaHHaa CHCTCMa onpcflcjicna na rpaccMaHHane G(2,3), roMCOMopcjjHOM hpockthbhoh hjiockocth. 
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B cooTBeTCTBHH c o6iLi,eH cxeMoii (|20p . (1211) raMHjibTOHHaH pe/iyi^HpoBaHHoii CHCTCMbi nojiynaeTCH h3 4)yHKLi,HH ^{x) 
c noMombK) jiyHCBoro npeo6pa30BaHHH, KOTopoe b cjiynae flByMepnofi C(|)epi>i naabiBaiOT npeoGpasoBaHHCM OyHKa- 
MHHKOBCKoro. fljia paccMaTpHBaeMoro BOSMymeHHH HeTsepTBiMH CTcnenaMH ([22]) raMHjibTOHnaH HMeei bh/i,: 

H^le[e, {Lj + Llf + e, {L\ + Lff + e, {L\ + Llf] . (24) 

ITocKOjiBKy (|)a30Boe npocTpancTBO peflyii,HpoBaHHOH CHCTeMbi flByMepno, a CHCxeMa raMHjiBTOHOBa, to ona bhojihc 
HHTerpHpyeMa. Ee TpaeKTopHSMH HBjiaiOTca jihhhh ypoBHH raMnjiBTOHHana H = const na MP^. Tonojiormo hx 
pacnojio>KeHHH mojkho HsyHHTb npii noMomH 4)a30Boro nopTpcTa. fljia SToro onpeflejiaiOTCH CTai^iiOHapHbie tohkh 
CHCTeMbi, B KOTopbix Li = 0. Ohh cooTBCTCTByiOT reoflcSHHecKHM, jiejKaiiiHM b6jih3h oflHoro 6ojibmoro Kpyra. ^ajiee, 
HCCjie/iyeTca ycToiiHHBOCTb sthx CTaLi,HOHapHbix to^ck, b pesyjitTaTe nero ohh noflpaa/iejiHiOTCH na n,eHTpbi h cefljia. 

CeflJIOBbie TOHKH COeflHHHKDTCH CCHapaTpHCaMH. 

B saBHCHMOCTH OT HapaMCTpoB El, £2, £3 raMHjiBTOHHaH (|24p MOJKCT HMCTB CTaH,HOHapHi>ie TO^^KH cjieflyiOHi,Hx Tpex 

BHflOB: 

51 Cyni,ecTByK)T npH jHo6bix SHaHeHHHx napaMCTpoB £1,62, £3- Sna^enHH MOMCHTa b CTai^HOHapHbix TOHKax yflo- 

BJieTBOpaiOT yCJIOBHHM: 

a. iio = 0, L20 = 0, iso ^ 0; 

b. Lio = 0, L20 ^ 0, L30 = 0; 

c. Lio ^ 0, ^20 = 0, L30 = 0; 

52 CymecTByiOT npn ycjiOBHHx £2£3 > 0, £3£i > 0, h £i£2 > cooTBeTCTBenno. SnaHenHH MOMenia b CTai^HonapHbix 

TOHKaX yflOBJICTBOpaiOT yCJIOBHHM: 

a. LiQ = 0, -L20 ^ 0, L30 ^ 0, £3-^20 ~ £2-^30 = 0; 

b. L20 = 0, L30 ^ 0, Lio 7^ 0, £iLio - £3i?o = 0; 

c. L30 = 0, iio ^ 0, L20 7^ 0, £2-^10 ^ ei-^20 ~ 0; 

53 CymecTByiOT npH ycjiOBHsx: 

£1 £2 - £2 £3 + £3 £1 > 
£1 £2 + £2 £3 - £3 f 1 > 

-£l £2 + £2 £3 + £3 i^l > 

SHaHeHHH MOMCHTa B CTaLI,HOHapHbIX TO^^KaX yflOBJICTBOpaiOT yCJIOBHHM: Lio 7^ 0, L2O 7^ 0, L30 =^ H 

r2 7-2 t2 
-'^10 _ ^20 _ ''^30 

£1 £2 — £2 £3 + £3 £1 £1 £2 + £2 £3 ^ £3 £1 ^£1 £2 + £2 £3 + £3 £1 

C nOMOmblO JIHHeapH3aLi;HH ypaBHeHHli flBHJKeHHH B OKpeCTHOCTH 3THX TOHCK H nOflCHCTa C06cTBeHHIjIX 3HaHeHHH 

Haxo;i,HM, HTO 3TH CTan,HOHapHbie to^^kh HBjiaiOTca n,eHTpaMH npH cjie;];yiomHx ycjiOBHHx (cooTBeTCTBCHHo): 

51 a. £i£2 > 0; 
b. £2£3 > 0; 
C. £3£i > 0. 

52 a. £i£2 - £2£3 + £3£i < 0; 
b. £i£2 +£2£3 -£3£i < 0; 

C. -£i£2 + £2£3 + £3£l < 0. 

53 IIpH jiio6bix Si. 

TeM caMMM ^jia mo&ovo Ha6opa napaMCipoB noBepxnocTH Si bbi^^hcjihiotch CTai^HonapHbie tohkh h BbiacnaeTCH hx 
pa3flejieHHe na D,eHTpbi h cepjis.. H3 anajinaa BMmenpHBe;i,eHHMx ycjiOBHii na Si cjie^yeT, ^^to cymecTByiOT cjie;];yiomHe 
4 TonojiorHHecKH pa3jiHT^Hbix Tnna 4)a30Bbix HopTpeTOB peflyn,HpoBaHHOH CHCTeMbi: 




Phc. 2: 06jiacTH b npocTpancTBe napaMexpoB £i, cooTBeTCTByiomHe THnaM I - IV tJjasoBbix nopxpeTOB pe/],yLi,HpoBaHHoii 
CHCTeMBi. JThhhh, pa3flejTaK)iLi,He o6jiacTH thhob I h II sa^aKiTca ypaBHeHHHMH H26|) . 



Type I 7 Li,eHTpoB h 6 ce^eji; Si nofliHHeHBi ycjiOBHSM: 

£162 - £2£3 + £3£i > 

£162 + £2£3 - £3£i > . (25) 
-£162 + £2^3 + £3£i > 

Type II 5 n,eHTpoB h 4 ce^jia; ne paBHbi nyjiio, hmciot o^hh shek h xots 6m ojxho h3 ycjiOBHii psp ne BbinojiHeno. 
Type III 3 Li,eHTpa h 2 cefljia; Si y^OBjieTBopaiOT o^HOMy h3 cjie^yiomHx ycjiOBHit: £2^3 > h S1S2 < 0; £3^1 > h 

£2£3 < 0; £i£2 > H £3£i < 0. 

Type IV 2 Li,eHTpa ii 1 cefljio; Si y;i,0BjieTBopa:iOT o;i,HOMy h3 cjieflyroiiiHx ycjiOBHii: ei — n £2£3 < 0; £2 = ii 

£3£l < 0; £3 = H £i£2 < 0. 

BsHfly oflHopoflHOCTH HpaBbix HacTeii peflyn,HpoBaHHOH cncTeMbi pop no Si yMHOJKeHHe Bcex Si na oflHO hhcjio 

He MeHHCT 4)a30BbIH nOpTpCT. rioSTOMy MO>KHO paCCMaTpHBaTb KOM6HHaD;HH 3THX napaMCTpOB C 4)HKCHpOBaHHOfl: 

cyMMOii KBa^paTOB, T.e. jieacaiuHe na C(|)epe, h npH stom ppciaiomio paccMOTpcTb ojxHy nojiyc4)epy. Ha phc.[2]h3o6- 
pajKCHbi o6jiacTH na nojiyc4)epe b npocTpancTBe napaMCTpoB Si , cooTBCTCTByioiuHe fleeJaopMnpoBanHbiM ceJjepaM, fljiH 
KOTopbix pe;];yLi,HpoBaHHaH CHCTCMa hmbct KajK^biii h3 npHBe^ennbix HSTbipex thhob 4)a30Bbix HopipeTOB. 06jiacTH, 
cooTBCTCTByiomHe THHaM I H II, pa3flejiHiOTCH jiHHHHMH, saflaHHbiMH o;i,Hopo;];HbiMH ypaBHeHHHMH BToporo HopaflKa: 

1. £i£2 - £2£3 + £3£l = (26) 

2. £i£2 + £2£3 - £3£l = 

3. -£i£2 + £2£3 + £3£l = 
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PlTaK, B cjiy^iae flByMepntix flecjaopMnpoBaHHtix ccjaep nocTpoeHnaa acHMnTOTHHecKaa raMHjiBTOHOBa peflyKLi,Ha no3- 
BOjiaeT npoBecTH nojiHbiH TonojiorHHecKHfl: anajiHS coBOKynnocTH reoflesHnecKHx na noBepxHOCTH nyTCM nocTpoeHna 
(JjasoBoro nopTpeia pe^ii,HpoBaHHOH CHCTeMbi. B saBHCHMOCTii ot napaMeTpoB ;i,e4)opMaii,HH npoHCxo/i,HT Tonojiorn- 
necKHe nepecTpoiiKH 4)a30Bi>ix nopTpcTOB. 



B. TpexMepHfaie flecJjopMHpoBaHHfaie ccjjepfai 

PaccMOTpHM cjiy^^afi n — 4, T.e. reo^esHnecKHe na TpexMepnbix flecjjopMHpoBaHHbix c4)epax b neTbipexMepnoM 
eBKjiHflOBOM npocTpancTBe. ^e4)opMaLi,Hio, anajiorHnHO flByMepnoMy cjiynaio, BbiSepeM b bh^b cyMMbi HCTBepTbix 
CTeneHeii KOopflHHaT: 

Lp{x) = x\ + x\ + x1 + xl ~ I + £ i}}{x) = 0, e < 1, tl:{x) = £ix\ + £22^2 + ^32^3 + '^i^t- (27) 

yrjiOBOii MOMBHT B HCTbipexMepHOM npocTpancTBe iiMceT inecTb cymecTBeHHbix komhohcht: ^12, ^13, ^14, ^23, ^24, ^34- 
Ohh CBssaHbi ojiBmA cooTHOinenHeM HjiiOKKepa: 

C = ^12^34 — ^13^24 + ^14^23 = 0. (28) 

Ajire6pa IlyaccoHa yrjiOBoro MOMCHTa hmbct jxse 4)yHKLi,HH KasHMHpa: npHBCfleHHyio Bbiine jiCByio nacTb C cootho- 
ineHHH IIjiiOKKepa, a TaKsce cyMMy KBa^paTOB KOMnoneHT MOMenTa: P = Ify 3a4)HKCHpoBaB, C = h P = 1, 
a TaKJKC OTOJKflecTBjiHs TOHKH, OTjiH^aiomHecH saMCHOH 3HaKa y Bcex lij , nojiy^^acM HCTbipexMepHoe MHoroo6pa3He 
FpaccMaHa 0(2,4) b KanecTBC (JaasoBoro npocTpancTBa (cjie/;oBaTejibHO, iiMceTCH ^Be CTeneHH CBo6o/],bi). 

FaMMjibTOHHaH peflyii,HpoBaHHOH CHCTeMbi, paccHHTaHHbiit no oSmeii cxeMe (j20p . (|2ip . ^jih paccMaTpHBaeMoro bo3- 
MymeHHs HeTBepTbiMH CTeneHHMH (|27p HMeeT bh/i,: 

iJ = ^ e [ei (Z?2 + /?3 + ll^f + £2 (/?2 + ^23 + ^24)' + ^3 (??3 + ^23 + 4)' + ^4 (Z?4 + ^24 + W ■ (29) 

HocKOJibKy pe^ii,HpoBaHHaH CHCTeMa HMeeT flBe CTenenn CBo6o;i,bi, to pjia ee HHTerpHpyeMOCTH Tpe6yeTca oflHH 
;i,onojiHHTejibHbiH: nepBbiii HHTerpaji, homhmo raMHjibTOHHana. PaccMOTpHM cjiynaft oceBoii chmmctphh, Kor^a £3 — 
£4 = H cjayHKi^HH fle4)opMaLi;HH HMeeT bh/i,: 'iIj{x) = £ixf + £2x\. CooTBeTCTByiom,aH ;i,e4)opMHpoBaHHaa ccjsepa 
HBjiaeTCH noBepxHOCTbK) Bpan^eHHs: HOBopoTbi b hjiockocth a;3a;4 nepeBOflHT ee b ce6a. H3 stoh CHMMeTpnn cjie^yeT 
TOHHoe coxpaHBHHe KOMnoneHTbi yrjiOBoro MOMenTa Z34 npn ;i,BH5KeHHH HacTHi^bi no jik)6oh reofle3HnecKOH. 3to jKe 
CBOiicTBO nepeHOCHTCa n na pe;];yu;npoBannyio cncTeMy. /^encTBHTejibno, ee raMnjibTonnan: 

H^l [ei ill, + Ih + I'Lf + 62 ill, + lis + IIa?] 

HMeeT nyjiebyro CKo6Ky ITyaccoHa c BejiHT^HHOii Z34, KOTopaa tqm caMbiM npe;i,CTaBjiHeT co6oh nefloCTaion^HH nep- 
Bbiii HHTerpaji. Ho TeopeMe JlHyBHjijia nojiynaeM, nTO flHnaMHKa pe^yn,HpoBannoH cncTeMbi coctoht b ycjiOBno- 
nepHOflnnecKOM flBHJKenHH no flByMepnbiM TopaM, HBjiaioni,HMca coBMecTHbiMH noBepxnocTaMH ypoBna nnTerpajiOB 
flBHJKenna, T.e. 3aflaBaeMbiM ypaBnennaMH: C = 0, P = 1, H = ci, 1^4 = c, A-na npoH3BOjibHbix ci, C2. 

Ha pHC.[3]H3o6pa}Kena o^na h3 TpaeKTopHii peflyu,HpoBaHHOH cncTeMbi b paccMaTpHBaeMOM cjiynae oceBoii CHMMeT- 
pnn. EnflHO, HTO ona 3aMeTaeT flByMepnbiii Top. Hsynenne pacnojiojKeHHa TopoB JlnyBHjijia b 4)a30BOM npocTpancTBe 
MeTo;i,aMn TonojiorHHecKoii Kjiaccn4)HKan,HH nnTerpnpyeMbix cncTeM 6yfleT npe^MeTOM flajibneflmero nccjieflOBaHna. 

B o6m,eM cjiy^ae fle4)opMau;nn neTBepTbiMH CTenenaMn p7p . Korfla Bce K03(J)4)Hn,HenTbi Si OTjinnnbi ot nyjia, mo- 
;i,ejiHpoBaHHe pe/],yn,HpoBaHHOH cncTeMbi noKa3biBaeT, hto HMeroTca ycjiosna, Kor^a ^nnaMnKa, no-BH;i,HMOMy, HMeeT 
neperyjiapHbiii xapaKTep, n TpaeKTopna 3aMeTaeT o6jiacTb b TpexMepnoM Mnoroo6pa3HH, 3aflaBaeMOM nocToancTBOM 
SHeprHH, pnc. 2] 



C. MnoroMepHMe 3JiJiHncoHfli>i, 6jiH3KHe k ccjiepe, h cjiyiafl IIIoTTKH-MaHaKOBa b ypaBHeHHHX 3HJiepa na 

ajire6pe JIh so{n). 

PaccMOTpnM cjiynaH (n — l)-Mepnoro sjijinnconfla, 6jiH3Koro k c4)epe, hto cooTBeTCTByeT KBa^paTHHHOii 4)ynKn;nn 
AecjDopMan;HH ipix): 

ip = xl+xl + ... + xl^-l + e iaixl + a2x\ -I- . . . + a„a;^) = 0. 
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Phc. 3: TpaeKTopHa peflyLi,HpoBaHHoii CHCTCMbi fljia TpexMepHoii c4)epbi c fle4)opMaLi,Heii BHfla: ip{x) = eixf + £2X2 (cjieea) h 
ceneHHe SToii xpaeKTopHH hjiockoctbio (cnpaea). HoBepxHOCTb HHBapHaHTHa OTHOCHTejibHO BpameHHH b hjiockocth X3X4,, cjie- 
flOBaTejiBHO, HMeeTca flonojiHHTejibHBiii HHTerpajr ^34 h pe/],yLi,HpoBaHHaa CHCTeMa HHTerpHpyeMa. B cooTBeTCTSHH c xeopeMoii 
JlHyBHJijia, TpaeKTopaa 3aMeTaeT flByMepHbifi Top. 




Phc. 4: TpaeKTopna peflyi^HpoBaHHoil cncTeMbi ^jia TpexMepHoit c4)epbi c fle43opMau,HeH BH^a: ip{x) = £\x\ + £2X2+£3x\ + e4,x\ 
(cjieBa) H ceneHHe SToit TpaeKTopna njiocKOCTbio (cnpaBa). TpaeKTopaa 3aMeTaeT o5jiacTb b TpexMepnoM HSOsnepreTHiecKOM 
MHoroo6pa3HH, H flHHaMHKa, no-BHflMOMy, Heperyjiapna. 



raMHjibTOHHaH pe/;yii,HpoBaHHOH chctcmbi no 4)opMyjie pip OKasBieaeTca paBen: 

H=\eY^{a, + a,)ll. (30) 



2 

l<3 
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HeTpyflHO BHfleTb, hto sto nacTHbiit cjiynaii MHoroMepnoro HHTerpHpycMoro cjiyi^aa UIoTTKii-MaHaKOBa b ypaBHC- 
HHHx 3Hjiepa Ha ajire6pe JTh so{n) (T3| . [T^ : 

npH flj = af, &j = 2ai. 

TeM caMbiM ycTaHaBjiHBaeTCH h30mop4)H3m CHCTeMbi nepBoro npHGjiHJKenHH fljia sa^aHH o reoflesH^ecKHx na (n — 1)- 
MepHOM sjijiHncoHfle, 6jih3kom k ccjaepe, c CHCTeMofl: lUoTTKH-MaHaKOBa na ajire6pe so{n). 

S^ecb npeflCTaBjiacT HHTcpec cjieflyiomee saMenaHHe. Bbime ynoMHHajiCH peayjibTaT B.B. Kosjiosa, A.B. BopHCOBa, 
H.C. MaMaeBa, A.M. HepejiOMOBa o SKBHBajieHTHOCTH sa^anH o reoflesH^^ecKHx na (n— l)-MepHOM 3jijiHncoH/],e cjiynaio 
Kjie6ma-nepejiOMOBa fl/in ypaBHeHHii Knpxrocjja na ajire6pe JIh e(n). C APyroii CTopoHbi, iiMceTCH peayjiBTaT A.H. 
BoSeHKO (iq H A.B. BojiCHHOBa [l6| o6 aKBHBajiCHTHOCTH cjiyHaH KjieGma-IIepejiOMOBa na e(rt) cjiynaio IIIottkh- 
ManaKOBa na so{n + 1) (cm. TaKJKe iH). Hs KOMSnHaiiHH sthx flByx 4)aKT0B cjie^yeT, hto sa^ana o reoflesHnecKHx 
Ha {n — l)-MepHOM sjijinncoHfle SKBHBajieHTHa cjiynaio nioTTKH-ManaKOBa na so{n + 1). B Haineii jkb KOHCTpyKii,HH 
Mbi nojiynaeM acuMnmomuHecKyw cbhsb saflann o reoflesH^ecKHX na in — l)-MepHOM sjijiHncoHfle, 6jih3kom k cejjepe, 
c CHCTeMoii nioTTKH-ManaKOBa Memmeu pasMepHocmu - na ajire6pe so(n). 



X. 3AKJIK)HEHHE 



PaccMOTpeHHC reoflesiiHecKiix na cjia6o flecjDopMHpoBaHHbix ccjaepax bocxojiwi k pa6oTe IlyaHKape B neii npii- 
MeHHeTCH KjiaccHHecKHii mctoa ocpe/i,HeHHH leopHH BoaMymeHHit h bbibo^htch ycjiOBHH, npn KOToptix flaHnaa reofle- 
SHHecKaa HBjiaeTCH saMKHyToii. B flaHHOit pa6oTe mbi paccMaTpHBaeM bcio coBOKynnocTb reoflesHnecKHx h nojiynaeM 
Hx onHcaHHe nocpeflCTBOM acHMnTOTHHecKoii raMHjibTOHOBOft pe/i,yKii,HH HCxoflHoii CHCTeMbi k CHCTeMe c MCHbiuHM 

HHCJIOM HeH3BeCTHbIX. 

Cjieflyiomee sajKHoe Ha6jiK);i,eHHe KacacTca cbhsh sthx BonpocoB c HHTerpajibHofi reoMeTpneii. CooTBeTCTByiomHe 
HHTerpajibHbie npeo6pa30BaHHH 6bijiH OTKpbiTbi Mhhkobckhm, OyHKOM, Pa;i,OHOM, Hohom h b ^ajibHefimeM Hccjieflo- 
BaHbi H o6o6iii;eHbi na MHoroMepnbie sa^a^H h ppyme CHTyaLi,HH. CymecTBeHHbiii BKjiafl b 3Ty o6jiacTb cocTaBjiaiOT 
Tpyflbi H.M. FejibcjjaHfla, [19]. Cbhsb npoSjieMbi reoflesmecKHx c HHTerpajibHoii reoMeTpHeii OTKpbiBaeT B03M0JKH0CTb 
npHMeneHHH cooTBCTCTByiomHx peayjibTaTOB h MeTOflOB k flanHoft aa^ane. Otmbthm, hto MeTO^bi HHTerpajibHoii reo- 
MeTpHH 6bijiH npHMeHCHbi K raMHjibTOHOBbiM CHCTeMaM 3.B. BHH6eproM b pa6oTe |2l| . 

HaKOHeE,, HMceTCH npe/iCTaBjiHiomHH SHaHHTCjibHbiii HHTepec Kjiacc cjiy^aeB, ^jih KOTopbix nocTpocHHaa peflyKii,Ha 
nosBOjiHCT nojiHOCTbK) onHcaTb pacnojiojKeHHe reo/i,e3HHecKHx, Hcnojibsya: TonojiorHHecKiie meTO flfA. fl^Jisi SToro anajiH- 
SHpycTCH TonojiorHH TpaeKTopHii peflyn,HpoBaHHOH CHCTeMbi (I20p . B nacTHOCTH, fljia flByMepnbix flecjjopMHpoBanHbix 
cejjep 4)a30Boe npocTpancTBO peflyn,HpoBaHHbix CHCTeM - flByMepnaa ccjjepa, h TonojiorHH TpaeKTopHii onHCbiBaeTCH 
4)a30BbiM nopTpeTOM Ha STOii ccj^epe. B cjiyiae TpexMepnbix cejjep c oceBoii CHMMeTpneii pe^yi^HpoBaHHaH CHCTeMa 
ecTb HHTcrpHpycMaa CHCTCMa c flByMa CTenensMH CBo6oflbi. TonojiorHH ee pemenHft MOJKeT 6biTb npoaHajiHSHpoBana 

C nOMOmblO MBTO^OB TOnOJIOrHHCCKOH KJiaCCHcJjHKai^HH HHTerpHpyeMblX CHCTeM. 

Abtop 6jiaro/],apHT B.JI. Fojio 3a BHHMaHHe k stoh pa6oTe. 

Pa6oTa no/mepjKana rpanTaMH PcDOH 10-01-00748a, ll-02-01462a, IIporpaMMOfl: no^epjKKH Be^ymnx Hay^^Hbix 
niKOji Hin-3224. 2010.1, IlporpaMMOfl; pa3BHTH}i nay^iHoro noTeHLi,Hajia, rocKOHTpaKT 2.1.1.3704, OcflepajibHoii n,e- 
jiCBOH nporpaMMOii «HayHHbie h neflarorHHecKHC Ka^pbi HHHOBai^HOHHOfi Pocchh» na 2009-2013 rr., rocKOHTpaKTbi 
14.740.11.0794, 02.740.11.5213. 
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